ABSTRACT. Let / be an isometric immersion of a Riemannian manifold M into M. We prove that if / is constant isotropic, 4-planar geodesic and M is a Euclidean sphere, then M is isometric to one of compact symmetric spaces of rank equal to one and / is congruent to a direct sum of standard minimal immersions. We also determine constant isotropic, 4-planar geodesic, totally real immersions into a complex projective space of constant holomorphic sectional curvature.
Introduction.
In [15] , O'Neill studied isotropic immersions and showed that if the difference between the sectional curvatures of the submanifold and the ambient manifold is constant for any plane section tangent to the submanifold, then the codimension must be high compared with the dimension of the submanifold unless the immersion is totally geodesic or umbilical. The class of (constant) isotropic immersions (for instance, into a sphere) seems to be too large to classify them. For example, the composition of two isotropic immersions is also isotropic and for two given isotropic immersions fy and f2 into 5P(1) and 5a(l), respectively, their "direct sum" (cos8fy,sin8f2) into 5p+,+1(l) is also isotropic for any 9. Furthermore, it is well known that there are many constant isotropic immersions in equivariant isometric immersions of homogeneous spaces.
An isometric immersion /: A_ -► M is said to be 4-planar geodesic if, for each geodesic r of M, the curve / o 7 is locally contained in a 4-dimensional totally geodesic submanifold of M. The class of 4-planar geodesic immersions (into a sphere) is also large. At least, an isometric immersion of a surface into a 4-dimensional Riemannian manifold is always 4-planar geodesic.
In this paper, we try to classify immersions in the intersection of these classes. In particular, we are able to classify constant isotropic, 4-planar geodesic (resp. and totally real) immersions of connected, complete Riemannian manifolds into a unit sphere (resp. complex projective space of constant holomorphic sectional curvature 4).
In §1, we give basic equations used later and some definitions. In §2, we prove that if / is a constant isotropic, 4-planar geodesic (resp. and totally real) immersion into a real space form (resp. CPq(c)), then / is a helical immersion of order < 4. Here we recall that an isometric immersion /: M -» M is called a helical immersion of order d if, for each geodesic 7 of M, the curve / o 7 in M has constant Frenet curvatures which are independent of the chosen geodesic and the osculating order is equal to d [20] . In [8] , it was shown that if /: M -► (real space form) is an isometric immersion with every geodesic being of order d (even) and the Frenet curvatures Ki, ■ ■ ■ ,K(d/2)-i are constant (independent of the chosen geodesic), then / is a helical immersion of order d. However, it should be noticed that our assumption "4-planar geodesic and constant isotropic" is weaker than [8] when d = 4 and the ambient manifold is a real space form. In §3, we generalize the results about helical, minimal immersions of order < 4 into spheres [21, 22] to not necessarily minimal ones and show that the submanifolds are compact symmetric spaces of rank one. T. Tsukada [24] proved that every helical immersion of a compact symmetric space of rank one into a sphere is congruent to a direct sum of some standard minimal immersions and calculated the order of the direct sum (see also [7] ). Making use of his result, we classify constant isotropic, 4-planar geodesic immersions into a unit sphere (Theorem 3.6). In contrast with a real space form, we should note that a curve of order d with constant Frenet curvatures in a complex space form is not always contained in a d-dimensional totally geodesic submanifold. We can see this fact in the classification of isotropic, totally real submanifolds with parallel second fundamental forms in CPq(c), which was done in [11] . By using [11] , we classify constant isotropic, 4-planar geodesic, totally real immersions into CPq(4) (Theorem 3.11). In §4, we show that an example given in the study of stationary 2-type surfaces in a sphere [1] is isotropic and 5-planar geodesic (but not 4-planar geodesic). This shows that it is impossible to replace "4-planar geodesic" by "5-planar geodesic" in Theorems 2.6 and 2.7 (see also Remark in §2).
Basic equations.
Let f:M -> M be an isometric immersion of an ndimensional Riemannian manifold M into an m-dimensional Riemannian manifold M. We denote by V and V the Riemannian connections of M and M, respectively.
The second fundamental form, Weingarten map corresponding to a normal vector £ and the normal connection is denoted by H, A^ and V-1, respectively.
For vector fields X and Y tangent to M, Gauss and Weingarten's equations are given by
where £ is a normal vector field. In the sequel, we will deal with the case where the ambient manifold M is a simply connected, complete Riemannian manifold M(c) of constant curvature c (i.e., Sm(c),Em or Dm(c)) or a complex projective space CPq(c) of constant holomorphic sectional curvature c, where m -2q. Let R be the curvature tensor of M and D the van der Waerden-Bortolotti connection. When M = M(c), the structure equations of Gauss, Codazzi and Ricci are respectively given by \\H(X,X)\\ = X(w(X))
for every X E UM, where 7r: UM -> M is the projection of the unit tangent bundle of M and A is a function defined on M (cf. [15] In the following section, we shall need a Codazzi equation of the form (1.4) and hence the assumption that /: M -* CPq(c) is totally real.
Frenet curvatures.
Let /: M -> M(c) (resp. CPq(c)) be a constant isotropic (resp. totally real, constant isotropic) immersion. We always assume that n > 2. Let 7 be any unit speed geodesic of M, x = 7(0) and X = 7(0). 
where we have put (DH)(X3) = (DH)(X,X,X) and so on. PROOF. We shall prove that the derivative of p2 | UXM vanishes. If p2(X) = 0, then p2 attains the minimum at X and hence the derivative vanishes at X. Let Sy = {X E UM;p(X) ^ 0} and Y be an arbitrary tangent vector orthogonal to X E Sy n UXM. Identify Y with a vector tangent to UXM at X. Then it suffices to show that Y ■ p? -0 which is equivalent to
Define ry(X),r2(X) and r3(X) by
for X E Sy and v: Sy -» [0, oo] by
where 7x is the unit speed geodesic tangent to X at 7(0). Using (1.2) and the definition of p, we have
We have defined orthonormal vectors Ty(X),r2(X),r3(X) and t4(X) for X E {X E UM; p(X) ^ 0, u(X) ^ 0}. Since / is 4-planar geodesic, there exist a 4-dimensional totally geodesic submanifold P of M and an open interval / (9 0) such that rx(I) C P, where tx = f o ^x. Thus {ri(X)}, i = 1,2,3,4, forms the Frenet frame of tx and span T7r^X)P at n(X).
Let X E Sy n f/_M be arbitrarily fixed. Since (2.1) implies
for every tangent vector Y orthogonal to X. Suppose that v(X) ^ 0. Taking the fact that t2(X), t3(X) and 74(X) are normal to M into account, we see that Y is orthogonal to TXP. Since Vx4tx is tangent to P, we obtain (2.6) by the last equation of Lemma 2.1. Next suppose that v(X) = 0. (D2H)(X4) is a linear combination of r2(X) and r3(X) because of (2.4). Thus (2.6) is derived from (1.8) and (2.1). Q.E.D.
REMARK. In the above proof. We used conditions that / is constant isotropic and 4-planar geodesic to prove (2.6). However, we can not replace "4-planar geodesic" by "5-planar geodesic" because we have an example of constant isotropic, 5-planar geodesic immersions such that p depends on X E UXM. See §4.
By Lemma 2.2, p can be considered as a function on M, which is also denoted by p. Let / be 4-planar geodesic.
LEMMA 2.3. The function p, is constant on M.
PROOF. It suffices to show that the derivative of p2 vanishes on S2 = {x E M; p(x) ^ 0}. Let x E S2 and Y E UXM be arbitrarily fixed. Since n > 2 and
we shall prove
for a unit tangent vector X orthogonal to Y. In order to prove (2.7), we must show
Assume that (2.8) holds. From (2.2), we have
Moreover, from (2.6)
Therefore ( To complete the proof, we have only to prove (2.8) for every orthonormal vector X and Y at x E S2. From Ricci's identity (2.10)
and (2.1), we have
If the ambient manifold M is M(c) of constant sectional curvature c, then the right-hand side of (2.11) vanishes by Ricci's structure equation (1.5), (1.8) and (2.1). Next, suppose that M = CPq(c) and / is totally real. Substituting (1.5)'
into the right-hand side of (2.11), we obtain (2.12)
where we have used (2.1). Let 7x be the geodesic as before and P be a 4-dimensional totally geodesic submanifold which contains rx(I) for some open interval / (3 0), where / is taken small enough to satisfy rx(I) c 52-Note that Ti (7), 70. (7) and 73(7) are tangent to P on I. Thus if P is totally real, then JX is orthogonal to H(X,X) and (DH)(X3), and hence the right-hand side of (2.1) vanishes. So we assume that P is a complex submanifold in CPq(c). Define a complex subspace ns in Tl(s)P by ns = Span{7, J7, //(7,7), JH (7,7), (DH)tf), J(DH)(f)} We have proved (JY, H(X, X)) = (JY, (DH)(X3)) = 0. Q.E.D.
If p = 0, the the second fundamental form is parallel. In the following two lemmas, we assume p^0.
The function v is defined on UM is constant on each fiber UXM.
PROOF. Since p is constant, we have {(DH)(X3), (D2H)(X4)) = 0 for every unit tangent vector X. By (2.4), it is easy to show (2.14)
Thus it suffices to prove that the derivative of ||(Z)2i/)(X4)||2 in the direction Y vanishes, where X E {X E UM; v(X) ^ 0} and Y is a unit tangent vector orthogonal to X. Therefore we shall prove Firstly, let the ambient manifold M be a Euclidean sphere 5m(l) of constant curvature 1. We assume that M is connected and complete. In case (A), / is totally geodesic and M = 5n(l). In case (B), we see that the second fundamental form is parallel and / is 2-planar geodesic. In [19] , we classified all 2-planar geodesic immersions into 5m(l). Next, let us consider cases (C) and (D) where the immersions are helical of orders 3 and 4, respectively. In [14, 21 and 22] , helical minimal immersions of orders 3 and 4 into 5m(l) were determined.
In the following, we exclude the minimality from the assumption and generalize the results obtained in those papers.
We Then the cut locus of every point is spherical (this fact is equivalent to the definition of a Blaschke manifold) and we denote by L the diameter. Furthermore, we may asume that / is an imbedding. [21] for the case a > 0 and §4 of [22] for the case a < 0. In those papers, the minimality of the immersion was essentially used to prove a ^ 0.) In the case a ^ 0, we see that M is locally symmetric and hence it is a compact globally symmetric space of rank one since M is a Blaschke manifold. Assume a = 0. We have j4?'(_;x) = 0 by the same argument as the case where the order equals 3. Since a3 = ±1 and$'(L;X) = (AiA2)_1a3(.D__)(X3), A(Dh)(x^) = 0 for every X E UM. Making use of Gauss and Codazzi's equations, we conclude that M is a locally symmetric space. Q.E.D.
Next, we explain the iih standard minimal immersions and helical immersions constructed by Tsukada [24] (cf. [2, 7] ). Let (M,g) be a compact symmetric space of rank one. Let V, be the rth eigenspace of the Laplace operator A on M, p, the ith eigenvalue and dimY, = m(i) + 1. Define an inner product ( , ) on Vi by (<p,tp) = fM4>tpdv, where dv denotes the volume element of M. Taking an orthonormal base {<Po,-■ ■ ,<Pm(i)} in Yj, we define a map $^: M -► _Jmw+1 by ®i(x) = Ci ■ (<po(x),...,<pm(i)(x)), where Ci = {volM/(m(i) + 1)}1/2. Then $< becomes a full, helical minimal immersion of (M, (pi/n)g) into a unit hypersphere in Em^+1, which is called the ith standard minimal immersion into 5mW(l). For distinct nonnegative integers iy,...,ir and positive real numbers ay,...,ar such that Y^a\ = 1, define *<,)...,ir!a1,...,or by where m(iy,... ,ir) = ^m(k)+r-1. Then this map becomes a helical immersion of (M, g'), where g' -{(*>_ a\pik )/n}g. Tsukada [24] proved that if / is a full helical immersion of a compact symmetric space of rank one into a unit sphere, then there exist iy,...,ir and ay,...,ar such that / is congruent to $ii,...,ir;ai,...,ar (that isi there is an isometry \_ of the unit sphere such that / = *°'J,j1,...,ir;a,,...,ar).
See also [7] . Tsukada computed the order of $i,.tr;_i,...,<*, of compact symmetric spaces of rank one except for Cayley projective plane. Using the argument developed in [10] , we easily see that his result is also true for a Cayley projective plane. Secondly, let /: M -► CP9(4) be a constant isotropic, 4-planar geodesic, totally real immersion of a connected, complete Riemannian manifold. We shall prove that f(M) is contained in a totally real, totally geodesic submanifold of CPq (4) (JY,H(X,X)) = 0 for all orthonormal vectors X and Y. Put X(6) = cos6X + sin6Y. Differentiating (JX'($),H(X(0),X(6))) = 0 at . = 0 and using (1.6), we have (JX,H(X,X)) = 0 for every X E UM. It follows from (1.1), (1.2) and (1.8) that (JX,(DH)(X3)) = 0 for every X. Again from (1.1), (1.2), (2.1) and (D2H)(X4) = -p2H(X,X), we obtain (JH(X,X), (DH)(X3)) = 0. Therefore dimnx = 6, which is a contradiction. Thus every Px is totally real. Since Px is isometric to RP4(1) and v = 0, there is a 3-dimensional totally real, totally geodesic submanifold P and an open interval I (B 0) such that rx(-0 C P C Px. Noting that /i^O and the intersection of two 3-dimensional, totally real, totally geodesic submanifolds is a totally real, totally geodesic submanifold of dimension < 2, we see that for each geodesic 7 there exists a unique 3-dimensional, totally real, totally geodesic submanifold P, such that t((-00,00)) C Py.
Next, let / be a helical immersion of order 4 (i.e., case (D)). The existence and uniqueness of P-, follow from the assumption that / is 4-planar geodesic and v ^ 0 (cf. Lemma 2.1 of [18] ). Assume that there exist X, Y E UM such that Plx is License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use B.-Y. Chen [1] ). Notice that we can not replace the assumption that / is 4-planar geodesic by 5-planar geodesic in Theorem 2.6.
Let / be a map from E2 to E6 defined by Therefore we see that the first normal space at each point is 2-dimensional and its orthogonal complement in the normal space is spanned by {-sinxcosy, -sin_ siny, (l/\/_) sin 2x, cosxcosy, cosxsiny, -(l/v2) cos 2_}.
Let X = ad/du + P/dv at (a0, Po)EE2. Then 
